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Discrete-Time Stochastic Control Systems Main Contributions

» First tool to construct IMCs/IMDPs for large-scale discrete-time stochastic systems
while providing convergence guarantees;

> = (X,U,W,q,f):
» X C R™ State set
» U C R™: Input set

» W C RP: Disturbance set

» ¢: A sequence of i.i.d. random variables from a sample space £2 to a measurable
set V

» Use constructed IMCs/IMDPs for formal verification and controller synthesis - safety,
reachability, and reach-while-avoid properties over (in)finite horizon;

» | everages interval iteration for convergence guarantees of optimal controller over
infinite horizons:

» Implemented in C++ and runs in parallel using AdaptiveCpp based on SYCL. It
provides automatic cross-platform flexibility, serving as a strong foundation for CPU
and GPU implementations;

s:={¢(k): Q2 — V., k € N};

> f: X X UX W x V. — X: Transition map
Evolution of the state of 2.

2 : x(k+1) = f(x(k),v(k), w(k),s(k)),

» Default support for additive normal distributions

» We leverage IMPaCT across diverse real-world applications over (in)finite time
horizons.

k € N,

IMPaCT Examples:

Diverse Real-World Applications

» Capacity for any arbitrary distribution via a custom user-defined distribution
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1. Construct finite abstraction via gridding procedure - sl
2. Label target states F € R, avoid states 8 € A, and remaining states X
3. Tpin is min CDF for state-to-state transitions X — X 10 | . . 10 . . .
2 . . — - . ~ -10 -5 0 5 10 -10 -5 0 5 10
4. Rmin is min CDF for state-to-target-states transitions X — R Y P
5. Anin IS min CDF for state-to-avoid-states transitions x — A (a) 2D Robot - Reachability (b) 2D Robot - Reach-Avoid
0.

Compute Tmaxs Rmax, and Amax S|m||ar|y but with max CDF

Figure: 2D Robot case study fulfilling reachability and reach-avoid properties with different
noise realizations.
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O( ), for d=(ngXn, xXn,)xn,

THREADS
where Kk is complexity of nonlinear optimization algorlthm chosen from NLopt list.
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Since

-i_max(iaj) =0 = 7A_min(ia.j) — 09
by computing Tmax before Tmin, We can avoid costly optimizations for Tmin. We
do the same low-cost abstraction for Rmin and Amin.
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Figure: 4D Building Automation System fulfilling safety properties within 10 time steps, with 5
different noise realizations.

The interval iteration algorithm solves two Bellman equations: - . . -
g - climan eq Benchmarking: CPU Abstraction and Synthesis
V(; = 01R + A+ TV,
V/ = 511_’? 52A 7"—\/1 Table: Computation times are in seconds and memory usages in MB, unless otherwise specified, for a high
- ’ performance computer with 2 AMD EPYC 7702 CPUs and 2TB RAM. S for safety, R for reachability, and
to find the new probabilities of satisfying the specification. R — A for reach-while-avoid. We signify the synthesis times using the GLPK Library with “" and the
» &7 and &5 are specification dependent synthesis times based on the sorting method with “?". Note that “*" indicates possible absorbing states.
» Vo and V4 are updated to V! and V/ each iteration Case Study | Spec | |X| [|U|||W] |X x U x W/| Abstraction| mem |Synthesis? Synthesis? mem
UG 0 1 2D Robot | R | 441 121 0 53,361 260 | 368 | 734 | 853 | 0.02
» it terminates when the two vectors converge, ||V1 — Volleo < € 2D Robot | R | 441 |121] 11 | 586,971 229 | 38GB 657 330 1 0.02
A dynamic program is solved to acquire the optimal feasible solutions T, R, and ;B EOEOE ﬁ_ﬁ 1221 jﬂ 101 87;‘514352311 27755 11257(?5 5165;19 ;fgf 8'82
A . .. . A .. . " obo — , 154, .66hr A6hr | 0.
A Wthh MiNniMIizZe OVeEr the dlSturbance w and Maximilze over the |npUt u: 3D Vehicle |R—A| 7938 | 30 0 238140 304 21 2GB!| 3.69hr 286 0.61
2 LAl A A A 3D Vehicle |R—A|15435 |99 | O 1,528,065 3,527 264GB | >24hr 5,933 | 1.22
mea&( M’/';'\?V optimize 01R(X, Gy W)+ 8A(%, O, W)+ Z 63(X') T (X'|%, 4, W) 3D RoomTemp S | 9261 36 0 333,306 800 | 49.4GB 136" 154% | 0.52
Y R,A, T VRIEX 4D BAS S | 1225 | 4| 0 4,900 2.23 48.1 | 6.37hr* | 3,038* |0.07
subiect to the followine constraints: 5D RoomTemp| S 7,776 | 36 O 279,936 169 34.8GB| 97.88* 111.5* 1 0.56
J 5 ' 7D BAS S 107,163 0 0 | 107,163 35hr | 184GB| >24hr | >24hr | 7.7
Toin(X'|%, 0, W) < T(X'|R, 0, W) < Tmax(X'|X, G, W), 14D Case S 11638 | 0 | 0 16,384 1686 | 43GB | 623 677 | 2.1
Rmin()?a ﬁ, W) S R()?a ﬁ, W) S max()?a ﬁ, W)a
Amin(X, 0, W) < A(X, 0, W) < Amax(X, 4, W), Benchmarking: CPU vs. GPU Synthesis
R()?a u, V"\/)+A()?9 u, W)"' E T()?,‘)?a u, W) =1 L . .
A Table: Execution times for controller synthesis, conducted on both a CPU (Intel i9-12900) and a GPU
vx'eX y
e (NVIDIA RTX A4000), with times reported in seconds. “x" denotes a finite horizon of 10 seconds.
Case Study Spec GLPK Library | Sorted LP Method
For finite horizon specifications, the traditional value iteration approach is sufficient. I X| [|O]|W]|]|X x Ox W| CPUI9 |CPUi9 GPU RTX
4D BAS* S 1,225 4 0 4,900 23.2 0.38 0.53
3D RoomTemp* S 216 136 | O 7,776 0.34 0.22 0.29
Loading and Sa\”ng 2D Robot R | 441 121 0 53,361 1307 | 226 @ 52
5D RoomTemp* S 7,776 9 0 69,984 160 22.2 76.2
: : : : 3D Vehicle |R—A|7,938 30| O 238,140 >3.0hr 241 490
IMPaCT uses HDF5, which has native support in I\/IA LAB., R, Python, etc. In loading, oD Robot |R — A 1681 441 0 741 321 1601 i oy
the IMDP can be constructed elsewhere, but synthesized with IMPaCT.




